We analyze the multi-point correlation functions of a tracer in an incompressible flow at scales far exceeding the scale L at which fluctuations are generated (quasi-equilibrium domain) and compare them with the correlation functions at scales smaller than L (turbulence domain). We demonstrate that scale invariance can be broken in the equilibrium domain and trace this breakdown to the statistical integrals of motion (zero modes) as has been done before for turbulence. Employing Kraichnan model of short-correlated velocity we identify the new type of zero modes, which break scale invariance and determine an anomalously slow decay of correlations at large scales.
When the scale L of an external source of fluctuations far exceeds the scale at which fluctuations are dissipated, turbulent cascade appears between those scales. One of the most interesting fundamental aspects of turbulence is the existence of anomalies: symmetries remain broken even when symmetry-breaking factors tend to zero. For example, time-reversibility and scale invariance of the statistics are not restored even when pumping scale goes to infinity and dissipation scale to zero. The mechanism of dissipative anomaly (responsible for irreversibility [1] ) has been identified by Onsager as due to non-smoothness of the velocity field in the inviscid limit [2] . It is very much similar to the axial anomaly in quantum field theory [3] . Breakdown of scale invariance has been identified recently as related to the statistical integrals of motion; in particular, for passive scalar turbulence such integrals have been found as zero modes of the (multi-point) operator of turbulent diffusion in the Kraichnan model of short-correlated velocity [4] [5] [6] [7] .
Here we consider passive scalar in a random incompressible flow and ask whether the symmetries are restored at the scales far exceeding the pumping scale. It is straightforward to see that time reversibility holds (to put it simply, everything which is pumped is dissipated at smaller scales and there is no flux towards larger scales) [7] . At the level of the second moment or spectral density of the scalar, an equipartition takes place at wavenumbers smaller than L −1 like in other systems with only a direct cascade [7, 8] . Here we find higher moments at large scales and discover that the scale invariance may be broken. Using the Kraichnan model, we demonstrate that the breakdown is also due to statistical integrals of motion (even though very much different from the zero modes breaking scale invariance in turbulence). We thus find a possible link between an anomalous scaling in equilibrium (e.g. in critical phenomena) and in turbulence.
Consider the passive scalar θ(r, t) carried by the velocity v(r, t), pumped by φ(r, t) and dissipated by molecular * Phys. Rev. Lett. 94, 214502 (2005) diffusion with diffusivity κ:
We are interested in the scalar statistics at the scales r far exceeding the diffusion scale r d , which is defined by
It has been shown that at r r d the correlation functions of θ are independent of κ if the velocity field is non-smooth i.e. δv(r) ∝ r a with the Holder exponent a < 1 (see [7] and the references therein). This is because the velocity field is non-Lipschitz when a < 1, so that the Lagrangian trajectories, defined by ∂ t R(r, t) = v(R, t), are non-uniquely defined by the initial conditions R(r, 0) = r. Respective loss of information leads to scalar dissipation, which balances pumping by φ and provides for a statistical steady state of the scalar [7] . That allows one to work with the diffusionfree equation,
Spatially non-smooth velocities are produced by fluid turbulence so that all scales considered in this paper are assumed to be less than the outer scale of fluid turbulence that is the correlation scale of velocity. Velocity therefore is presumed random field to be described statistically. Indeed, while the dynamical Lagrangian description does not exist, statistical description is possible [7] . For that end, one integrates (2), using Lagrangian trajectories as characteristics:
, are obtained by averaging over random velocity (denoted by brackets) and over random pumping (denoted by over-bar):
Here R i (t) ≡ R(r i , t). We assume that the pumping is white Gaussian with a zero mean and the variance φ(r 1 , t 1 )φ(r 2 , t 2 ) = χ(r 12 )δ(t 2 − t 1 ), r ij = r i − r j .
One can express the correlation functions via the multiparticle propagators. For example, assuming zero condi-tions at the distant past and space homogeneity, one gets
where P (R, r, t) is the probability density function (pdf) of
We use the Kraichnan model [7, 9] where velocity is Gaussian with the zero mean and the variance
Here d is space dimensionality. The constant K 0 (called eddy diffusivity) describes the diffusion of a single fluid particle, which we do not consider here.
The function K αβ (r 12 ) is the scale-dependent diffusivity which describes the relative dispersion of two fluid particles separated by r 12 . For example, if one chooses the Kolmogorov scaling exponent γ = 2/3 then the constant D is proportional to the flux of kinetic energy (dissipation rate per unit mass). Translation-invariant propagators satisfy closed differential equations in the Kraichnan model [7, 9] : (6) where
In particular, the pdf of the two-particle separation [P (R, r, t) integrated over angles] is expressed via the modified Bessel function
giving the Richardson law of separation R γ ∼ D|t| [9] . We consider the non-smooth case γ > 0 (for γ = 0 see [10] ). Non-uniqueness of characteristics is seen, for instance, from P (R, 0, t) = δ(R). The equation (6) implies equations on F n in the steady state:
The simplest steady state described by (7) is the thermal equilibrium with Gaussian probability density functional
That is if the limit L → 0 is taken in such a way that F 2 → T δ(r), the scalar statistics becomes Gaussian and scale-invariant. The Gaussian anzatz,
(in the compressible case as well) and ii) γ = 2 where K αβ (r) is r−independent.
Of course, delta-function is an idealization so let us open a Pandora box of anomalies by allowing φ to have a finite correlation scale L. We assume that at r L the function χ(r) decays faster than any power (say, exponentially). We consider velocity field correlated at different points (i.e. γ < 2). Then, the scalar statistics is no longer Gaussian and very different at the scales smaller and larger than L.
Let us first remind the properties of the turbulent state realized at r < L. A nonzero flux χ(0) makes the pair correlation function non-smooth at zero:
The scaling properties are characterized by the structure functions S n (r) = [θ(r) − θ(0)] n which are given by the zero modes of the operator L n [5, 6, 11, 12] . Zero modes are functions Z{R ij (t)} of particles coordinates conserved on average [7, 13] . The structure functions are determined by the so-called irreducible zero modes (that involve coordinates of all the points). One can express all the zero modes via the distance,
, and the angles,
The conservation, LZ = 0, in a Lagrangian language means that the growth of the radial factor is compensated by the decay of the angular function. The zero modes of the hermitian scale-invariant operator L n come in pairs satisfying the duality relation: for every [13] . There is the difference between the modes with positive σ-s (that contribute at small scales) and with negative σ-s (expected at large scales): L n Z n produces delta-function at the origin or its derivatives (contact terms) rather than zero. A physical reason is a nonzero probability of initially distant particles to come to the same point [7] . For example,
. After discovering that the zero modes Z n enter the solution of (7) at small scales, it is straightforward to ask what zero modes contribute at large scales wherê L n F n = 0. Natural candidates to contribute F n at r > L are Z n which decay with the distances. And indeed this is true for F 2 for which the following representation holds
.
Such duality between r > L and r < L does not work for higher correlation functions. Considering, for instance, F 4 one observes that the source appearing in (7) is a linear combination of functions independent of one of three r ij on which F 4 depends. Since L n Z n vanishes where any r ij is non-zero, then Z n do not satisfy the correct boundary conditions at r ∼ L and thus cannot contribute F n at large scales. One can show that Z n occur in the solution only if irreducible terms are present in the pumping correlation functions [15] . That means that a Gaussian pumping provides for Z n only at small scales. Here we show that the reducible terms in the pumping correlation functions spawn a new type of zero modes at large scales, which correspond to an axial (rather than spherical) symmetry in R-space and to the different duality relation, σ n = γ − nd/2 − σ n .
Nonzero q 0 means infinite F 2 (r) dr i.e an overall heating. We also call q 0 charge to invoke an analogy with electrostatics (literal at γ = 2 where L is a Laplacian). On a particle language, the distance R(t) in (4) explores the sphere R < L in a completely isotropic manner with the result being proportional to χ(r)dr. When q 0 = 0, F 2 (r) decays by a power law at r L and high-order functions obey normal scaling though statistics is non-Gaussian [7, 15] . We consider now a pumping with q 0 = 0, like in (8), when F 2 (r) decays faster than any power. For multi-point correlation functions, mutual correlation between different pairs of distances brings preferred directions (towards other pairs) and the symmetry cancellation is absent. We shall show now that indeed multi-point correlation functions decay as power laws interpreted as dipole and quadrupole contributions.
The identity (3) allows us to obtain two important conclusions when all r ij L.
Consider first t [min r ij ]
γ /D, where the terms involving φ can be neglected by smallness of χ(r ij ). Averaging over velocity at times earlier than −t of which R i (−t) are independent by zero correlation time of v, one derives that the correlation functions at large scales are statistical invariants of Lagrangian dynamics:
This is equivalent to the above statement that F n is a zero mode of L n at r ij L. On the other hand, the steadystate functions can be obtained by taking in (3) the limit t → ∞ when all terms but the last one vanish while the latter saturates. For Gaussian φ, this only occurs due to rare events where pairs of particles traced backwards in time come within the distance L from each other. The distance between the pairs remains large with overwhelming probability. Now one can choose intermediate times such that (9) still holds but R i (−t) are already such that the distances inside pairs are much smaller than the distance between pairs. This suggests that the main features of, say, F 4 can be captured by considering the special geometry of two distant pairs. In particular, this geometry will determine the overall scaling σ n of F n and the scaling of a coarse-grained field, see (14) .
We consider F 4 (x, y, z), where x = r 12 , y = r 34 and z = (r 13 + r 24 )/2 at x, y z. At times that contribute (3), R 13 R 12 , R 34 and R 12 (t) and R 34 (t) are correlated only weakly so that one can make a consistent expansion in the small parameters x/z, y/z. The zeroth order term gives the reducible part F 2 (x)F 2 (y), which is exponentially small if max{x, y} > L. The next-order terms decay as powers (x/z) γ , (y/z) γ and thus dominate the correlation function if x > L or y > L. The details of calculations can be found in [16] , here we only note that the answer is expressed via the two-point propagator P (R, r, t) integrated over angles with the second angular harmonics, which was found in [6] to have the same form as P 0 with η 0 replaced by
where Q η2−1/2 is the Legendre function of the second kind and 8w = (xyx y
L the correlation function given by a zero mode of L 4 reduces to the zero mode ofL 0 :
where 2δ = γη 2 + γ − d and q 2 ≡ x γ+δ χ(x)dx. We thus have shown that, despite the fast decay of F 2 at large scales, F 4 decays as a power-law there and found the scaling exponent: σ 4 = 2d + 2δ. The dual zero mode ofL 0 with the scaling exponent σ 4 = γ − 2d − σ 4 (first found in [6] ) appears at x, y L:
One can easily verify for any vector v that
is an anisotropic zero mode of the Lagrangian evolution operator of the lowest order in the distance x between two particles. The above derivation makes explicit the physical origin of the anomalous scaling thus found. The main contribution into F 4 at large scales comes from Lagrangian trajectories that were in the past separated into two distant pairs. If the other pair would not be there at all, the average pair prehistory would be completely isotropic that is determined by q 0 = χ(x)dx which vanishes. However, the presence of the other pair leads to a preferred direction in space allowing each pair to exploit the "quadrupole" term q 2 = χ(x)x γ+δ dx. Since the correlations between the pairs decay only as a power law, the quadrupole contribution dominates the correlation function. The possibility for more than two particles to explore non-isotropic configurations (which show themselves via non-isotropic zero mode) exists for higher correlation functions as well. To give an example of power-law correlations in high moments, let us present the explicit expression for n−point correlation function in the limit of small ξ = 2 − γ. Besides reproducing the correct scaling it shows how non-trivial the angular structure of the correlation functions is at large scales. Since the statistics of θ is Gaussian at ξ = 0 we analyze the cumulant Γ 1 2n = lim ξ→0 Γ 2n /ξ (see [16] for the details):
where the sum is over all permutations of indices and
where 
We thus have found the four-point function for general velocity scaling but specific geometry of two distant pairs (11) and the 2n-point function for arbitrary geometry but almost-rough velocity (13) . One can check that in the limit of large z (13) reproduces (11) at ξ → 0 (where δ → 2). Let us stress that the cumulants Γ n are nonzero only when the balance equation (8) does not hold. If to replace δ(r) in (8) by a function with a finite L then q 0 remains zero but dipole and quadrupole moments, q 1 and q 2 , are generally nonzero [14] and (11-13) appear. The proof that σ n = nd/2 + 2δ for finite ξ will be published elsewhere [15] . To study how statistics changes with the scale one defines the field coarse-grained over the scale :θ = r < θ(r ) dr / d/2 . A fast decay of the pair correlation function together with power-law correlations of higher functions, (11, 12, 13) , mean that the statistics ofθ approaches Gaussian anomalously slow as /L → ∞. Indeed, while the second moment θ2 tends to a constant (exponentially) fast, the fourth cumulant may decay slower than −d (that one would have for fields with a finite correlation radius):
Here, the region c L z gives the main contribution if 2γ < d (see [15] for details). Similarly one can derive θ 2 (0)θ 2 (r) ∝ r −2γ . Note that F 1 4 gives zero contribution and one must account for F 2 4 ∝ z −2γ . Since σ n /n depends on n then the statistics is not scaleinvariant at r > L when q 0 = 0. If q 0 = 0 then the zero modes found here provide for an anomalous scaling of sub-leading corrections, more similar to what is generally observed in critical phenomena. What we believe is of importance here is that we trace this anomalous scaling to zero modes. That shows that at least in passive scalar problem, the mechanism of an anomalous scaling is common for turbulence and thermal equilibrium and raises an intriguing possibility that in other problems in quantum field theory and statistical physics one can relate anomalous scaling to statistical integrals of motion.
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